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Abstract
We present a non-abelian mirror-type principle relating the p-ranks of class groups of subfields of a di-
hedral field of degree 2p for an odd prime p with a limited ramification condition.
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1. Introduction
By a dihedral side extension we will mean an odd prime degree extension of number fields
whose normal closure has a dihedral Galois group. This paper will show a relation between ranks
of class groups coming from dihedral side extensions of Q. That there might be a relation was
first suggested by computer calculations in KANT [2] of the 3-class groups of non-Galois cubic
fields associated to F = Q(√−23 ).
Specifically, F is the smallest imaginary quadratic field with class number divisible by 3 and
it in fact equals 3. We computed many examples of non-Galois cubic fields L whose normal
closure K contained F and where there was exactly one prime of F ramified from F to K . In all
cases we discovered that the 3-rank of CL was one, that is, rk3 CL = rk3 CF .
This paper will show that under the assumption of exactly one prime ramifying, one has a
similar result, but it is an inequality when p > 3 in the theorem below.
Our result is
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732 D. Hubbard / Journal of Number Theory 128 (2008) 731–737Main Theorem. Let p be an odd prime and let L/Q be a degree p extension whose normal
closure K has Galois group Gal(K/Q) ∼= Dp , the dihedral group of order 2p. Let F be the
unique quadratic field contained in K and let AL, AF and AK be the p-parts of the respective
class groups. Under the assumption that exactly one prime of F is ramified from F to K ,
rkAF  rkAL 
(
p − 1
2
)
rkAF .
For reference we draw a diagram of the above fields:
K
τp
2
L
pF
σ2
Q
The term side extension is suggested by the position of L in the above diagram.
The theorem has an interesting consequence which is in the spirit of a non-abelian mirror
principle.
Corollary 1. Under the assumptions of the theorem, p | hL iff p | hF .
Proof. This follows immediately from the double inequality in the theorem. 
With respect to K , we also have
Corollary 2. 2 rkAF  rkAK  p rkAF .
The proof will be given at the end of the paper.
2. Proof of Main Theorem
Our proof is based on techniques from Frank Gerth [3] where he studied the 3-ranks of the
class groups of non-Galois cubic fields in terms of their normal closures and their subfields,
but without the restricted ramification hypothesis. For the case p = 3, our theorem is a special
case of Theorem 2.7 in [3]. Our assumption on the ramification from F to K greatly simplifies
many of the calculations and allows one to get much more precise results. We also use a Hilbert
Theorem 90 argument of Georges Gras [4] which is used in [3].
Let τ be a generator of Gal(K/F) and σ the generator of Gal(F/Q). We also denote the
generator of Gal(K/L) by σ . We have the relation στ = τ−1σ in Gal(K/Q). In the group ring
Zp[Gal(K/Q)], let T = 1− τ and ν = 1+ τ +· · ·+ τp−1. Note that σν = νσ . We will use N for
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the kernel of N . Let j :AF → AK be the lifting map on ideal classes. We have ν = jN as maps
from AK to AK . Let A±K = {a ∈ AK : aσ = a±1}, B = {a ∈ AK : ap = 1} and define an increasing
filtration Bj = {b ∈ B: T jb = 1}. Note that B0 = 1 and Bp = B . Let H = Gal(K/F). Then AHK
will denote the ideal classes in AK that are fixed by τ , that is, the subgroup of ambiguous ideal
classes of AK . Finally, let G = AK/A1−τK be the genus group of AK .
Remark. We note that kerN = kerν exactly when there is no capitulation from F to K . An ideal
of F is said to capitulate when its lift to K becomes principal. Note this can happen only to ideals
whose ideal class has order dividing [K : F ]. Thus some nonprincipal ideal of F capitulates in
K precisely when ker j is nontrivial.
We collect some useful facts in a Lemma. The first two are true without the ramification
hypothesis on K/F while the second two use this hypothesis.
Lemma.
(1) N(A+K) = 1,
(2) |AHK | = |G|,
(3) A1−τK = NAK ,
(4) G ∼= AF .
Proof. (1) If a ∈ A+K , then
N(a)2 = N(a)N(a)σ = NF/Q
(
N(a)
)= 1.
However, N(a) has odd order so N(a) = 1.
(2) This follows immediately from computing the orders of the kernel and cokernel of 1 − τ
in the four term exact sequence
1 → AHK → AK 1−τ−−→ AK → AK/A1−τK → 1.
(3) We present an argument of Iwasawa in [5].
HK
M
KHF
K
HF
F
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of F contained in HK . Then Gal(HK/M) is the commutator subgroup of Gal(HK/F) which by
a standard argument is Gal(HK/K)1−τ . By Class Field Theory we have Gal(HK/M) ∼= A1−τK as
well as Gal(HK/KHF ) ∼= NAK since the norm map corresponds to restriction on Galois groups.
We need to show that M = KHF . If Q is the unique prime of F ramified in K/F , then the
fixed field of the inertia group of Q in Gal(M/F) must be HF . Thus M/HF is fully ramified so
M/KHF must be fully ramified. However, M/KHF is also unramified so M = KHF .
(4) The proof of part (3) showed A1−τK ∼= Gal(HK/M) and AF ∼= Gal(M/K). Thus we have
G = AK/A1−τK ∼= AF . 
Proof of lower bound, rkAF  rkAL. We will use the sequence of subgroups Bi , which are
analogous to the subgroup of ambiguous classes, to prove a lower bound for rkAL. We proceed
in two steps:
1. rkAL  rk NB1,
2. rk NB1 = rkAF .
Step 1. We will show the following is exact
1 → NB+1 → B+2 T−→ NB−1 → 1.
This will show the first step as it is easy to see rkAL = rkB+ but on the other hand, rkB+ 
rkB+2 = rkNB1 as these are all elementary abelian p-groups.
The kernel of T on B+2 is B
+
1 by definition. Since N kills B
+ by part (1) of the Lemma, we
have NB+1 = B+1 .
We show that T B±2 ⊂ B∓1 . Let b ∈ B±2 . Then
(T b)σ = b(1−τ)σ = bσ(1−τp−1) = b±(1−τ)(1+τ+τ 2+···+τp−2).
Since b1−τ ∈ B1, τ fixes b1−τ and
b±(1−τ)(1+τ+τ 2+···+τp−2) = b±(1−τ)(p−1) = b∓(1−τ) = (T b)∓1.
To show that T B+2 = NB−1 , let b ∈ NB−1 . Then, by part (3) of the Lemma, there is an a ∈ AK
with T a = b. We need to produce an element a1 ∈ B+2 with T a1 = b. We claim a1 = a
1
2 (1+σ)
will work where 12 ∈ Z×p . Clearly a1 ∈ A+K . We have
a1−τ1 = a
1
2 (1+σ)(1−τ) = a 12 (1−τ+(1−τp−1)σ ) = a 12 (1−τ)(1+(1+τ+···+τp−2)σ )
= b 12 (1+(1+τ+···+τp−2)σ ) = b 12 (1+(p−1)σ ) = b 12 (1+1) = b.
Thus,
a
(1−τ)2
1 = b1−τ = 1
and a1 is killed by T 2.
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Zp[τ ]/(ν) ∼= Zp[ζp] where ζp is a primitive pth-root of unity. As a1 is killed by (1 − τ)2, a1 is
also killed by (1 − ζp)p−1 = εp for some ε ∈ Zp[ζp]×. Since (1 − ζp)p−1ε−1 = p also kills a1,
a1 ∈ B+2 as required.
Step 2. We will show the following is exact
1 → NB1 → AHK N−→ AF → AF/ApF → 1.
Since |AHK | = |AF | by parts (2) and (4) of the Lemma, computing the orders of the kernel and
cokernel of N shows |NB1| = |AF/ApF |. As both of these are elementary abelian p-groups, their
ranks are equal.
To show exactness at AHK , note that B1 is fixed pointwise by τ so B1 ⊂ AHK and NB1 ⊂ NAHK .
Let a ∈ NAHK . Then 1 = j (N(a)) = aν = ap .
Exactness at the rest of the sequence will follow from showing N(AHK) = ApF . First note AHK
contains three types of classes, those in j (AF ), the class coming from the prime ramified in
K/F and those which do not contain an ambiguous ideal. Let A0 ⊂ AHK be the subgroup of
classes which contain an ambiguous ideal. Then A0 is generated by the first two types of classes.
We first show N(A0) = ApF .
If a ∈ AF , then N(j (a)) = ap . Thus ApF ⊂ N(A0).
Let Q be the unique prime of F ramified in K/F ,Q the prime of K above Q and q the prime
of Q below Q. The prime q cannot split in F/Q as only one prime of F is ramified in K/F .
Thus Q has order either i = 1 or i = 2 in CF and Qi represents a class in AHK . In either case
N(Qi ) is principal. This shows that N(A0) = N(j (AF )) = ApF .
Let a ∈ AHK not contain an ambiguous ideal. Since AHK is a σ -module, we have a decomposi-
tion a = a+a− where a± = a 12 (1±σ) with 12 ∈ Z×p . We will show a− ∈ A0, that is, a− contains
an ambiguous ideal. This will show N(a) = N(a+)N(a−) = N(a−) ∈ N(A0) = ApF . Note also
this will show AHK/A0 has a plus action of σ .
Let Q be a prime ideal in the ideal class a and Q the ideal of F below Q. Note that Q must
split in K/F and each prime above Q must lie in a. Our main work will be to show Q1−σ ∈ A0
from which a− ∈ A0 follows immediately.
We have Q1−τ = (α) for some α ∈ K× with N(α) = ε ∈ EF , the group of units in the
ring of integers of F . Let α′ = εα. Then Q(1−τ)(1+σ) = (α′α′σ ) and N(α′α′σ ) = ε(p+1)(1+σ) =
NF/Q(ε)
p+1 = 1.
By Hilbert’s Theorem 90, α′α′σ = γ 1−τ for some γ ∈ K×. Thus
(γ )1−τ =Q(1−τ)(1+σ) =Q1−τ+σ(1−τp−1) =Q(1+σ(1+τ+···+τp−2))(1−τ).
The idealM= γ−1Q1+σ(1+τ+···+τp−2) is τ -invariant. We have
M= γ−1Q1+(1+τ−1+···+τ−(p−2))σ = γ−1Q(QQτQτ 2 . . .Qτp−1)σ /Qτσ
so
γ−1Q/Qτσ = M
τ τ 2 τp−1 σ =
M
σ
.
(QQ Q . . .Q ) j (Q )
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biguous ideal.
This completes the proof of the lower bound. 
Proof of upper bound, rkAL (p−12 ) rkAF . We now use a quotient group related to the genus
group to prove an upper bound for rkAL.
Lemma. Let H = Gal(K/F). Let C be a finitely generated Fp[H ]-module and m = 〈1 − τ 〉.
Then the lift of any basis for C/mC generates C over Fp[H ].
Proof. Since mC = C implies C = 0, the same reasoning as in Nakayama’s lemma proves the
desired result. 
Let C = AK/ApK and note C/mC ∼= G/Gp . Since G ∼= AF , rkC/mC = rkG = rkAF . Let
r = rkAF and let {c′1, . . . , c′r} be a lift of a basis of C/mC. As σ acts by −1 on AF , σ also
acts by −1 on G. Thus C/mC = (C/mC)− and the ci = c′ (1−σ)/2i are a lift of the same basis
of C/mC and satisfy cσi = c−i . Thus C is a quotient of the free Fp[H ]-module F on the basis {ci}.
As rkF+ = (p−12 )r , any quotient can have plus part of rank at most (p−12 )r and rkAL = rkC+ 
(
p−1
2 )r . 
Proof of Corollary 2. Since K/F is fully ramified the Hilbert class field of F lifts unchanged
to K . As [K : L] = 2 is prime to p, the Hilbert class field of L lifts unchanged to K . As σ acts
by −1 on the former and as +1 on the latter, the two lifts are independent. Thus
rkAK  rkAF + rkAL  2 rkAF .
As the Zp[H ]-rank of AK is equal to rkAF , the most rkAK can be is p rkAF . 
Remark. In the proof of Step 2 of the lower bound it seems critical that N(α′α′σ ) = 1 so that we
can use Hilbert’s Theorem 90. This depended on the units in Q being finite and of order prime
to p. Thus it seems the lower bound could fail when Q is replaced by a general number field with
positive unit rank.
3. Examples
We have computed a large number of examples with Magma [1]. We give a small list for
different associated quadratic fields. For each type we give an example with the ramified prime
of F lying over the smallest prime number.
The last two examples show a prime p > 3. The case p = 5 is the smallest where AL can
have larger rank than AF . For p = 5, rkAL can be up to twice rkAF . Thus we see that in this
case, the theoretical upper bound is obtained. It seems in the absence of any other information
one could expect to obtain all values between the lower and upper bounds for rkAL for each pair
of F and p.
In a future paper we will present ways to construct side extensions and results of class group
computations.
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Ranks of class groups for small dihedral side extensions
F AF f Rama AL AK
−23 (3) x3 + 249x − 1411 83 (3) (3,3)
316 (3) x3 − 8427x + 146068 53 (3) (3,3)
−199 (9) x3 + 33x − 803 11 (3) (3,9)
−974 (3,3) x3 + 2589x − 2238622 863 (3,3) (3,3,3,9)b
−47 (5) x5 + 3490x3 + 661355x2 − 57187140x + 1276739371 349 (5)b (5,5)b
−47 (5) x5 + 95390x3 + 21510445x2 − 412180190x + 2640081462299539 9539 (5,5)b (5,5,5,5,5)b
a This is the prime number lying below the unique prime of F ramified in K/F .
b These class groups were computed using the Bach bound in place of the Minkowski bound. The Bach bound pro-
duces a class group whose correctness is conditional on the Generalized Riemann Hypothesis. For any number field of
appreciable size, the Bach bound is much lower than the Minkowski bound.
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